The classical spectral multiplicity theory for a single normal operator on Hubert space generalizes the unitary determination of a normal matrix by the multiplicities of its eigenvalues. We outline here the beginnings of an analogous equivalence theory patterned after the similarity determination of an arbitrary (complex) matrix by the Jordan canonical form, or the numerical invariants, the Weyr and Segre characteristics. Generalizations of these characteristics are defined, in spatial rather than combinatorial terms, in the Banach space context, but for application to single operators both abstract structural knowledge of the operators and a multiplicity theory of the classical kind are required ; hence our equivalence conclusions are restricted to a class of spectral operators on Hubert space. Here, the generalized Weyr characteristic provides a complete set of invariants for an equivalence relation slightly more general than similarity. No separability assumptions are required.
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We assume various parts of spectral operator (and related) theory outlined in §2 of Dunford's review article [2] , including the multiplicity theory of Bade (cf. pp. 235-236 of [2] ) for a complete Boolean algebra of projections on a Banach space, and also, the multiplicity theory in toto of Halmos [4] for a single normal operator on Hubert space. Now let Q be a fixed quasi-nilpotent operator commuting with E. We desire to prove the nonzero orbit of every xG36 under Ç, {x, Q%* Q 2 x f ' • • }, is independent. The next theorem follows directly from the commutativity.
Only for this theorem is the quasi-nilpotency required, and this can be weakened. We sketch a proof. Assume Qx = S(f)x?*0. Then there is a set SGS3 such that |/(X)| >e>0 for XGS, and £(S)x^0. It is clear that Q k x = S(f k )x. Then, in Hilbert space, The obvious correspondence between equivalence classes of Borel subsets of A and equivalence classes (absolute continuity) of regular, totally-finite, countably-additive, non-negative set functions ( = measures) with support in À permits us to consider °W defined for measure, rather than set, arguments.
2. Abandon the assumption of uniform multiplicity and take the underlying vector space to be an arbitrary Hubert space §. Let N be a (bounded) normal operator on ^p with resolution of the identity E and multiplicity function u, from measures to cardinals, characterizing N to within unitary equivalence. We recall there is a mapping ix->C(/x) of measures to self-adjoint projections in the second commutator ( = weak or strong algebraic closure 3 completion) of E, and a (nonunique) orthogonal family of measures {ju a |ce£-4 } of uniform multiplicity with V« C(fx a )=I. Each subspace C(/* a ) § is a space of uniform multiplicity u(ii a ) with respect to the countably decomposable (hence complete) spectral measure C(fx a )E(-). We call N essentially finite if u(ix) is always finite. If Q is a quasi-nilpotent commuting with N then Q is completely reduced by each C(/x a ) §, and, if N is essentially finite, the results of §1 permit us to define %¥*(/*, k) for a measure Thus if T = S+Q is an essentially finite spectral operator we can unambiguously define its Weyr characteristic as that of any pair (LSL* 1 , LQIr 1 ), LSL~~l normal, and it is a similarity invariant. Unfortunately, simple infinite matrix examples will show it is not a complete set of similarity invariants, and some form of unbounded similarity that will generate an equivalence relation is required. We call two spectral operators T\ and T 2 semi-similar if there is, for i = l, 2, a family of projections {P^a^A} QEi (the completion of the resolution of the identity £»• of Ti) with V«€4 P* = /, such that, for each «Gi, there is a nonsingular operator L a from P l a $£ onto P« § with r 2 Pa = L a riL~1P«. (As P«GS t -, the operator Ti and its scalar and quasi-nilpotent parts are completely reduced by each Pl£>, and T\P ot = L a TvJLaPa*) Semi-similarity is an equivalence relation for spectral operators, semi-similar normal operators are unitarily equivalent, and the spectrum is a semi-similarity invariant. If Pi and P 2 are semi-similar spectral operators and T\ is essentially finite, then T 2 is essentially finite. The Weyr characteristic is a complete set of semi-similarity invariants for essentially finite spectral operators on §. That is, THEOREM 12. Two essentially finite spectral operators on § are semisimilar if and only if they have the same Weyr characteristic.
